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We present a theoretical study of the isotope effect arising from the replacement of H by T in the charge-
transfer collision H(n = 2) + He+(1s) at low energy. Using a quasimolecular approach and a time-dependent
wave-packet method, we compute the cross sections for the reaction including the effects of the nonadiabatic
radial and rotational couplings. For H(2s) + He+(1s) collisions, we ﬁnd a strong isotope effect at energies below
1e V /amu for both singlet and triplet states. We ﬁnd a much smaller isotopic dependence of the cross section for
H(2p) + He+(1s) collisions in triplet states, and no isotope effect in singlet states. We explain the isotope effect
on the basis of the potential energy curves and the nonadiabatic couplings, and we evaluate the importance of the
isotope effect on the charge-transfer rate coefﬁcients.
DOI: 10.1103/PhysRevA.84.052720 PACS number(s): 34.70.+e, 52.20.Hv
I. INTRODUCTION
Charge-transfer processes between atoms and ions are
crucial in the study of astrophysical and laboratory plasmas.
X-rayemissionfromsolarsystemobjectssuchascometaryand
planetary atmospheres is due to a charge-transfer mechanism
between solar wind ions and neutral atoms or molecules
present in the atmospheres, while in the study of tokamak
plasmas, charge exchange is used as a diagnostic tool via the
observation of emission lines from impurity ions recombining
with the plasma. In this respect, charge-transfer collisions
between H and He+ ions are of particular importance. Helium
ions form a signiﬁcant fraction of the solar wind and can
collide with the neutral hydrogen present in atmospheres, so
that their interaction is important to model the production of
far-ultraviolet radiation observed in the solar system. On the
other hand, the plasma of a tokamak is composed of H (or
rather of the heavier isotopes D and T) which fuse to form
alpha particles. The helium ash can be considered an impurity,
and the emission lines of He resulting from the charge transfer
of He+ ions with hydrogen can be used in the diagnostic of
the plasma [1].
In a recent work [2], the charge-transfer reaction between
excited (n = 2,3) hydrogen and He+(1s) in the energy range
0.25 − 150 eV/amu was studied using a fully quantal ap-
proach. This reaction is particularly important in the plasma
edge region, as it modiﬁes the population of the excited states
of He, which are used to determine various plasma parameters
[3]. While the population of the excited states is relatively
small in a tokamak plasma [4], it is compensated by the fact
that the cross section is expected to scale as n4. However, in
the nuclear fusion process, the reaction fuel is not composed
of hydrogen but of a mixture of deuterium and tritium. The
differentisotopesofhydrogenareusuallynotdistinguished,as
the isotope effect on charge-transfer cross sections is assumed
to be very small [5], except at extremely low energies. It was
suggested that at collisional energies much higher than the
*nvaeck@ulb.ac.be
isotope mass shift (0.0037 eV between H and D), the isotope
effectshouldbenegligible.However,StancilandZygelman[6]
later showed that an isotope effect could occur at energies as
high as 10 eV/amu in N4+ + H(D) collisions. These authors
interpreted this effect with the Landau-Zener-Stueckelberg
model and suggested that it could occur at energies as high
as 1 keV/amu for some systems. Moreover, it was established
thatthecrosssectiondecreaseswithincreasingsystemreduced
mass [7], a behavior that has since been observed in other
charge-transfer collisions [8,9]. Recently, Stolterfoht et al.
[10,11] observed a very important isotope effect in collisions
between He2+ and H, the replacement of H by D or T leading
to a variation of the cross section for energies as high as
300 eV/amu. For this system the cross section was found
to increase with the reduced mass of the system, and the
isotope effect was attributed to the importance of the nona-
diabatic rotational couplings in the small impact parameter
region.
This motivates an investigation of the isotope effect on the
charge-transfer cross sections in H(nl) + He+(1s) collisions.
We focus here on the charge transfer in the n = 2 manifold of
H and He at low energy, which can occur in singlet or triplet
states:
H(nl) + He+(1s) −→ H++ He(1sn l  1,3L ),n , n   = 2. (1)
To study reaction (1), we use a quasimolecular approach
to the ion-atom collision. We exploit quantum chemistry ab
initio methods to obtain the potential energy curves as well
as the nonadiabatic radial and rotational coupling matrix
elements of the molecular ion HeH+. A time-dependent
wave-packet method is then applied to treat the curve-crossing
dynamics resulting from the failure of the Born-Oppenheimer
approximation. The collision matrix elements are computed
from an analysis of the ﬂux in the asymptotic region by
using properties of absorbing potentials, giving access to
the charge-transfer cross sections. Due to the close spacing
betweentheelectronicstatesaswellasthealternationbetween
statesdissociatingintoH(nl)+He+(1s)orH + +He(1snl 1,3L)
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FIG. 1. (Coloronline)AdiabaticPEC’softhen = 2singletstates
of HeH+. Solid lines, 1 + states. Dotted lines, 1  states.
along the spectrum, this system provides an illustration of
different types of isotope effects that arise in charge-transfer
collisions at low energy.
II. THEORETICAL METHOD
The entrance channel in reaction (1) can be either a singlet
or a triplet state. Accordingly, it is necessary to compute the
potentialenergycurves(PEC’s)oftheHeH+ molecularion,as
well as the nonadiabatic couplings, in both spin multiplicities.
For n = 2,thisamountstoatotalof12states,whichhavebeen
studied previously [12,13]. We reproduce the potential energy
curves of these states in Figs. 1 and 2 and their dissociation
products in Table I, as we will need them to support the
discussion of our results. Note that asymptotically, the ﬁfth
and sixth 1 + states correspond, respectively, to H(2s) +
He+(1s) and H+ + He(1s2p 1P o). However, these two states
effectively cross at an internuclear distance of 50 a.u. due
to the Stark effect (see Ref. [12], and in particular Fig. 4,
for details), so that in the interaction region the order of
these two states is reversed. We do not consider the three
n = 1 states (two 1 + states and one 3 + state), as they
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FIG. 2. (Color online) Adiabatic PEC’s of the n = 2 triplet states
of HeH+. Solid lines, 3 + states. Dotted lines, 3  states.
TABLE I. n = 2 states of the HeH+ molecular ion and their
dissociation products. m is used to number the states for a given
value of   and S.T h en = 1 states (two 1 + states and one 3 +
state) are not included.
2S+1 mAtomic products
1 + 3H + + He(1s2s 1S)
4H ( 2 p) + He+(1s)
5H ( 2 s) + He+(1s)
6H + + He(1s2p 1P o)
1  1H ( 2 p) + He+(1s)
2H + + He(1s2p 1P o)
3 + 2H + + He(1s2s 3S)
3H + + He(1s2p 3P o)
4H ( 2 p) + He+(1s)
5H ( 2 s) + He+(1s)
3  1H + + He(1s2p 3P o)
2H ( 2 p) + He+(1s)
are much lower in energy and thus not expected to give
a signiﬁcant contribution to the cross section. Moreover, it
was previously shown [2] that it is not necessary to include
the n = 3 manifold to get an accurate description of the
charge-transfer reaction (1) involving n = 2 states, so we will
neglecttheminourcalculations.TheadiabaticPEC’sforthese
states have been calculated at the state-averaged complete
active space self-consistent ﬁeld and conﬁguration interaction
levels using the ab initio quantum chemistry package MOLPRO
version 2006.1 [14]. An adapted basis set consisting of the
aug-cc-pv5Z basis set [15] supplemented by one contracted
Gaussian function per orbital per atom has been used.
Details of the molecular structure calculations can be found
in [12].
This approach allows us to compute the nonadiabatic radial
couplingsFmm ,whichgovernthecharge-transferprocess.The
nonadiabatic radial couplings are the matrix elements of the
operator ∂R in the basis of the adiabatic electronic functions
{ζm}: Fmm  =  ζm|∂R|ζm  . The dominant nonadiabatic radial
couplings are shown in Fig. 3 for the singlet states and in
Fig. 4 for the triplet states. As can be expected, these are the
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FIG. 3. (Color online) Principal radial nonadiabatic coupling
matrix elements between the n = 2 singlet states of HeH+.
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FIG. 4. (Color online) Principal radial nonadiabatic coupling
matrix elements between the n = 2 triplet states of HeH+.
couplings between adjacent states,Fm,m±1.The positionofthe
maximum of the couplings corresponds to the position of the
avoided crossings that can be observed in Figs. 1 and 2.W e
also included in our calculations the nonadiabatic rotational
couplings, which are the matrix elements of the operator Ly
and connect states with    = 1.
The cross section corresponding to the transfer of an
electron from an initial state   to a ﬁnal state    (where the
index   is shorthand for all the quantum numbers necessary to
describe the electronic states; in this case   stands for mS )i s
given by a sum over the rotational quantum number K of the
S matrix elements SK
   (E)[ 16]:
σ  , (E) =
π
k2
 (E)

K
(2K + 1)
 SK
  , (E) − δ   
 2 , (2)
where k  is the wave number in the entrance channel,
k  ={ 2μ[E − U (∞)]}1/2, and U (R) is the corresponding
adiabatic potential energy curve. In this work, the S-matrix
elements are calculated by a fully quantal time-dependent
wave-packet method. This approach has been described
previously[2,17–19],andwewillonlyrecallitsmainfeatures.
WestartbydeﬁningaGaussianwavepacketontheinitialstate.
This wave packet is then propagated on the potential energy
curves coupled by the nonadiabatic radial and rotational cou-
plings. The time propagation is done using the split operator
algorithm [20], which requires the knowledge of the diabatic
representation. For each value of K, the scattering matrix
elements |SK
   (E)|2 arethenextracted fromthewave packet on
each electronic state using the ﬂux operator formalism with a
complex absorbing potential [21].
At very low energy (below 0.5 eV), we conﬁrmed
the validity of our results by using a time-independent
approach.
III. RESULTS AND DISCUSSION
A. Charge transfer in H(2s) + He+(1s) collisions
The spin-dependent cross sections for the electron capture
from H(2s)b yH e +(1s) and summed over the ﬁnal states are
presented in Fig. 5 as a function of the energy of collision.
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FIG. 5. (Color online) Cross sections for the charge-transfer
reaction [H,T](2s) + He+(1s) −→ [H,T]+ + He(1s2l 1,3L)i nt h e
laboratory frame. The inset shows the cross section for the singlet
manifold in the center-of-mass frame.
We have also plotted, in the same ﬁgure, the cross sections
obtained when H is replaced by T.
We ﬁrst note that at energies below 5 eV/amu, the reaction
is dominated by capture in the singlet states. Despite this,
the cross section presents the same behavior in both spin
multiplicities, decreasing very quickly at energies below
1e V /amu (≈0.5e V /amu for singlet states and ≈0.7e V /amu
for triplet states). This is precisely the energy at which the
isotope effect starts to appear. The cross sections for T are
seen to decrease as quickly as for H, but shifted to a lower
energy (≈0.2e V /amu for singlet states and ≈0.3e V /amu for
triplet states). Therefore, we observe a strong isotope effect
and the ratio of the cross sections σT/σH reaches a factor as
large as 103. The isotope effect is of the same nature in both
spin multiplicities, i.e., an increase of the cross section with
the reduced nuclear mass. It can be explained on the basis of
the PEC’s and nonadiabatic radial couplings. The transition
H(2s) + He+(1s) → H+ + He(1s2p 1P o), which dominates
thechargetransferofthe2s electronatlowenergy,corresponds
to the transition between the ﬁfth and sixth 1 + states. This
transition is driven by the radial coupling F56, which peaks at
an internuclear distance Rc = 12.7 a.u., corresponding to the
avoided crossing between the two PEC’s (see Figs. 1 and 3).
This crossing occurs in the repulsive region of the potential, at
an energy of V(Rc) = 0.39 eV above the asymptotic energy
of the entrance channel. This leads to the threshold condition
E>V(Rc), where V(R) = U(R) + K(K + 1)/2μR2 is the
electronicenergyintheentrancechannelandRc isthelocation
of the avoided crossing. For energies below this threshold, the
avoidedcrossingisnotreachableandthetransitionprobability
decreases exponentially. In the center-of-mass frame, the
threshold energy E = V(Rc) is the same for H and T, as
illustrated in the inset of Fig. 5, although for singlet states
the peak of the cross section (at an energy of 1 eV) is larger
for T than for H by about 25%. However, when transformed
in eV/amu, the cross section is inversely proportional to the
reduced mass μ so that the threshold is shifted down to lower
energies for T due to the larger reduced mass. As a result, we
observe a huge isotope effect below 0.5 eV/amu.
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FIG. 6. (Color online) Partial cross sections as a function of K
for the capture into He(1s2p 1P o) from the 2s state of H (solid
line) or T (dotted line) in the 1 + states. (a) E = 0.6e V /amu,
(b) E = 25 eV/amu.
We further investigate the isotope effect by examining the
partial cross sections as a function of K. This is illustrated
in Fig. 6 for the capture of the 2s electron of H or T into
He(1s2p 1P o)i nt h e1 + states. This is the transition that
dominatesthecapturefromthe2s stateinthesingletstatesand
which is responsible for the isotope effect at low energy. For a
givenenergy,therangeofvaluesofK ismuchlargerforTthan
for H. At E = 0.6e V /amu, we observe only one peak in the
partial cross section for H, while for T we observe eight peaks,
thelastonebeingaslargeasthesinglepeakofH.Itistherefore
clearthatthetotalcrosssectionwillbeenhancedforT.AtE =
25 eV/amu, however, the partial cross section is composed of
eight peaks for both isotopes. The peaks become wider as the
reduced mass increases, but at the same time their intensity is
reduced. In this case, the net result is that the cross section is
mass-independent.Asthetransitionbecomesnegligiblebelow
the threshold energy, the maximum value of the rotational
quantum number K appearing in the sum in Eq. (2) can
be easily estimated by solving E = U(Rc) + Kmax(Kmax +
1)/2μR2
c with Rc = 12.7 a.u. and U(Rc) = 0.39 eV. For
E = 0.6e V /amu, we get Kmax = 39 for H and Kmax = 155
for T while for E = 25 eV/amu, we get Kmax = 584 for
H and Kmax = 1263 for T, which agrees with Figs. 6(a)
and 6(b).
The isotope effect in the triplet states is of the same nature.
The capture of the 2s electron is dominated by the state
He(1s2p 3P o) at low energy. As can be seen from Table I,
this is not a direct transition, in the sense that the electronic
states are not adjacent: H(2s) + He+(1s) correlates with the
ﬁfth 3 + state, while H+ + He(1s2p 3P o) corresponds to the
third 3 + state. Since the radial coupling between these states
is small, the reaction occurs mainly through the coupling of
these states with the fourth 3 + state, which dissociates into
H(2p) + He+(1s). This constitutes a two-step process which
will be governed by the radial couplings F45 and F34,s h o w n
in Fig. 4. The radial coupling F45 peaks at R = 10.8 a.u.,
corresponding to the avoided crossing between the two PEC’s
(see Fig. 2). This avoided crossing occurs in the repulsive
region,atanenergyabout0.52eVabovetheasymptoticenergy
of the entrance channel. If the energy of collision is below this
threshold, it is thus expected that the transition probability to
the 4 3 + state, and therefore also to the 3 3 + state, will
become very small. Correspondingly, and as in the case of
singlet states, the charge-transfer cross section shows a very
rapid decrease when the center-of-mass energy is smaller than
0.52 eV.
B. Charge transfer in H(2p) + He+(1s) collisions
The cross sections for capture from H(2p)b yH e +(1s)f o r
singletandtripletstatesarepresentedinFig.7.Weobservethat
at energies above 30 eV/amu, the cross sections for both spin
multiplicities are equal. At lower energy, the cross section for
singlet states decreases much faster than for triplet states, so
that the charge-transfer process will be dominated by capture
into the triplet states. This contrasts with the capture from
H(2s), which is dominated by singlet states at low energy.
Moreover, the cross sections for capture from H(2p) do not
present any threshold as a function of the energy of colli-
sion, as the avoided crossings controlling the charge-transfer
reaction occur in the attractive region of the potential energy
curves.
The isotope effect for singlet and triplet states is found to
be very different. For singlet states, the cross sections for H
and T in the laboratory frame are essentially identical. The
charge transfer is dominated at low energy by capture into
H+ + He(1s2p 1P o)i nt h e1  states. The particularity of this
transition is that it is governed by a very small and wide radial
coupling between two PEC’s that are nearly degenerate at
dissociation (see Figs. 1 and 3), leading to parallel diabatic
curves, which can be described using the Rosen-Zener-
Demkov model [22]. In the center-of-mass frame, the cross
section for T is therefore much smaller than for H, as shown
in the inset of Fig. 7. This is important, as it is often
assumed that the cross sections for different isotopes are
very similar in the center-of-mass frame. Therefore, very few
calculations are performed for the different isotopes of atoms
involved in charge-transfer reactions, the cross section being
simply obtained in the laboratory frame by scaling the results
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FIG. 7. (Color online) Cross sections for the charge-transfer
reaction [H,T](2p) + He+(1s) −→ [H,T]+ + He(1s2l 1,3L)i nt h e
laboratory frame. The inset shows the cross section for the singlet
manifold in the center-of-mass frame.
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for the more abundant of them. In the case of the singlet
charge-transfer reaction H(2p) + He+(1s), this simpliﬁed
approach would result in an error on the cross section of
a factor of 2 at 1 eV/amu and an order of magnitude at
0.1 eV/amu.
Ontheotherhand, fortripletstatesthereisanisotopeeffect
that takes place at energies below 3 eV/amu. In addition, the
effect is reversed compared to the capture from the 2s state as
the charge-transfer cross section decreases with an increase in
the reduced mass. We also see that the effect is much smaller
thanforthe2s stateofH:thelargestratioσH/σT,whichoccurs
at the lowest energy considered (0.1 eV/amu), is about 3. This
isotope effect is similar to the one ﬁrst studied by Stancil
and Zygelman [6] using the Landau-Zener approximation and
recently discussed by Barrag´ an et al. [23]. In these cases,
the avoided crossings at which the charge transfer occurs are
located at large internuclear distances, where the potential is
attractive. In the case of the charge transfer from H(2p)i nt h e
triplet states, the reaction is dominated at low energy by the
capture into He(1s2p 3P o)i nt h e  states, corresponding to
the transition between the fourth and third 3 + states. These
states undergo two avoided crossings: one in the repulsive
regionofthepotentialataninternucleardistanceR = 2.9a.u.,
and a second one in the attractive region at R = 21.8a . u .
(see Fig. 4 and the inset of Fig. 2). At low energy, the ﬁrst
avoided crossing is inaccessible, and the transition occurs
through the second, wider coupling. In this case, we still
observe wider peaks in the partial cross section for T than
for H, but the magnitude of the peaks is much smaller for
the heavier isotope at low energy, resulting in a decrease of
the cross section. This behavior of the partial cross sections
has been observed in other systems such as N4+ + H[ 7]
or Si4+ + He [24].
Finally, we computed the cross section with and without
the rotational couplings in order to estimate their effect, and
found the effect to be negligible. This was expected, as it
was previously shown for H + He+ collisions that these
couplingsdonotmodifythestate-to-statecrosssectionsbelow
1e V /amu, where the isotope effect takes place [2]. This
conﬁrms that for this system, the rotational couplings do
not bring an additional isotope effect, as opposed to what
was observed in collisions of He2+ and other light ions
with H [11,25].
C. Rate coefﬁcients
Although the isotope effect only appears at low energies, it
cansigniﬁcantlyaffectthecharge-transferreactionrateathigh
temperatures.IfweassumeaMaxwell-Boltzmanndistribution
of the energy of the colliding particles, the rate coefﬁcient is
given by
k(T) =

2
kBT
3/2 1
√
πμ
 ∞
0
Ee−E/kBTσ(E) dE , (3)
where kB is the Boltzmann constant. As an example, we have
plotted in Fig. 8 the rate coefﬁcient of the charge-transfer
reactions H(2s) + He+(1s) → H+ + He(1s2l) in the singlet
states and H(2p) + He+(1s) → H+ + He(1s2l) in the triplet
states, as well as the same rate coefﬁcients when H is replaced
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FIG. 8. (Color online) Isotope effect on the rate coefﬁcient for
the capture of the 2s electron of H(T) in the singlet states and of
the 2p electron of H(T) in the triplet states as a function of the
temperature.
by T. We observe that isotope effects can be expected for
temperatures as high as 10 000 K.
IV. CONCLUSIONS
Using a time-dependent wave-packet propagation method,
we investigated the isotopic dependence of the charge-transfer
cross sections for the collisions H(n = 2) + He+(1s) when H
is replaced by T. In H(2s) + He+(1s) collisions, we found
a very strong isotope effect at energies below 1 eV/amu.
For both singlet and triplet states, the cross section increases
with increasing reduced mass, which is due to the fact
that the exit channels become closed at low energy as
the nonadiabatic couplings responsible for the transition are
located in the repulsive region of the potential energy curves.
This threshold energy in the center-of-mass frame results in
a large isotope effect when transformed in the laboratory
frame. In H(2p) + He+(1s) collisions, we found a different
behavior of the cross section for singlet and triplet states. For
the former we did not observe any isotope effect, while for
the latter we observed an isotope effect at energies below
3e V /amu, the cross section decreasing with increasing re-
duced mass. We also showed that the isotope effect inﬂuences
the charge-transfer rate coefﬁcients at temperatures as high
as 104 K.
The reaction studied provides examples of various cases
that can arise in the description of the isotope effect at
low energy. To be able to determine the isotope effect,
it is necessary to have detailed knowledge of the inter-
action potentials and of the nonadiabatic couplings of the
system.
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